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ABSTRACT 

We illustrate how the reorganization of perturbation theory at finite temperature 
can be economically cast in terms of the Wilson-Polchinski renormalization methods. 
We take as an example the old saw of the induced thermal mass of a hot scalar field 
with a quartic coupling, which we compute to second order in the coupling constant. 
We show that the form of the result can be largely determined by renormalization- 
group arguments without the explicit evaluation of Feynman graphs. 

1. Introduction 

For many years it has been known that finite-temperature perturbation theory 
can be plagued by severe infrared divergences. For example, amplitudes in zero- 
temperature field theory in (3+1) dimensions are generally only logarithmically 
divergent; whereas at finite temperature, the amplitudes can diverge like a power 
of the infrared cutoff. The source of this behaviour can be traced to the appear- 
ance of the Bose-Einstein distribution function, which behaves like T/k for small 
momenta fc. The infrared divergences can be so severe that the correspondence be- 
tween the loop expansion and the coupling-constant expansion is lost. In general an 
infinite number of Feynman graphs may contribute to a given order in the coupling- 
constant expansion 1 . In order to restore perturbative calculability, a reorganization 
of perturbation theory is required 2 . This reorganization can be achieved by using 
a renormalization-group approach based on Wilson's formulation of the effective 
action 3 . The purpose of this paper is to show that one can use a renormalization- 
group approach to determine the contributions to the induced thermal mass from 
the low-energy effective theory without the explicit evaluation of Feynman graphs. 
This method also allows one to extract the nonanalytic dependence on the coupling 
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constant which, in some cases, is numerically the most important contribution. 

2. Description of the example 

As an example, consider the calculation of the induced thermal mass in a mass- 
less scalar field theory with a quartic coupling. The Lagrangian for the system is 
given by 

£=-I^«W-^ 4 (1) 

and we work with the ( — h ++) metric. We use the Imaginary-Time Formalism 4 
to perform the the calculation at finite temperature, where the boson energies are 
given by p = 2irinT where n is an integer and T is the temperature of the system. 
Thus, the thermal scalar field can be described by a Euclidean-space theory with 
the boson energies given by p = 2nnT with n an integer. We define the induced 
thermal mass as the real part of the pole of the Minkowski-space propagator at 
zero three-momentum. The induced thermal mass can be expressed in terms of the 
Euclidean-space self-energy as 

m 2 = -Re n(p = 0) . (2) 

We can now integrate out the high-energy modes in the theory described by 
Eq.(l). To do this we must integrate over all modes with P 2 > A 2 where P represents 
the four-momentum and A is the scale which divides the high-energy theory from 
the low-energy theory. If we choose the scale A < T, then all four-momenta in the 
effective theory must satisfy the condition pi + p 2 < A 2 in Euclidean space. This 
condition implies that we must integrate over all modes with n ^ and integrate 
over the n = modes with p 2 > A 2 . After performing such an integration, one obtains 
the following effective Lagrangian: 

C A = -^d^4> ~ ^mitf - + other terms . (3) 

The "other terms" include all possible combinations of the field and derivatives 
thereof. To compute the induced thermal mass with the effective Lagrangian, one 
uses the new Feynman rules of the effective theory and integrates over momenta 
p 2 < A 2 . The induced thermal mass cannot depend on the the scale A; therefore, we 
can write 

— z A n = o z A = i + o( 3 4 ) (4) 

clA 

with n = rrr^ + 8m\ where 8m\ represents high-order corrections to m\ computed 
with the effective theory. In general, one must include the wave-function renormal- 
ization; however, since we are considering a calculation of the thermal mass up to 
0(g 4 ), the leading corrections to Z A can be ignored. We will refer to Eq.(4) as the 
renormalization-group equation. 

3. Induced thermal mass at one-loop order 

If we integrate out the high-energy modes P 2 > A 2 (where P represents the four- 
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momentum) to one-loop order, then the effective Lagrangian is given by 



with 



£ A - - l -d^4> - - 9 ^ + other terms (5) 

ml = 9 -^- g -S L + 0{9i) 5i = .9 2 + /3(A,T) 5 4 + 0( ff 6 ) , (6) 

and where the terms omitted from Eq.(5) are 0(g 4 ) and higher. At this point it is 
useful to define the following dimensionless variables: 

m A A 2 m 2 A 

it = — — A = — M = — r- z = - . (7) 
T T T 2 fi w 

We can express the dimensionless induced thermal mass M in the following 
manner; 

M 2 = f i 2 + f ig 2 S 1 (z) + 0(g\z) (8) 

where S\(z) is an arbitrary function of z that will be determined by applying the 
renormalization-group equation given by Eq.(4). The first contribution in Eq.(8) 
is the direct thermal mass in the effective theory. The second term represents the 
one-loop correction to the direct thermal mass computed within the effective theory, 
as illustrated in Figure 1(a). The third term represents corrections from diagrams 
with two or more loops. The sum of these contributions gives the induced thermal 
mass of the scalar field, which must be independent of A. The structure of the 
one-loop correction can be easily understood. The factor of /u is due to the fact 
that the loop integral is three dimensional and there is only one propagator. After 
one factors out the direct thermal mass from the loop integral and divides by T 2 , 
a factor of /x will remain multiplied by a dimensionless integral whose upper limit 
of integration is a function of the ratio z = \ By applying Eq.(4) to M 2 , one can 
obtain the form of the function S\[z) without explicit evaluation of the Feynman 
graph. Applying the renormalization-group equation yields 

in which we have used the following relationships: 

where the derivatives are taken with g fixed. The solution of Eq.(9) for Si(z) is easily 
obtained and found to be 

S l{ z) = ^- 2+ C + oQ (11) 

for large z. This result can be compared with the explicit one-loop calculation, 
which yields 

2 ff 2 M f x 2 dx g 2 fi 

6(1 = J WTT) = 4^ {z - arctan(z)) (12) 
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from which one can see that for z > 1 

which agrees with Eq.(ll) with C = —l/8ir. Substitution of Eq.(13) into Eq.(8) gives 
the induced thermal mass of the scalar field. The value for the mass is found to be 

- 2 ^(i-|^) + o(. 9 4 ) < = "^r (14) 

which is in agreement with the result obtained by Dolan and Jackiw 5 . Their cal- 
culation is performed with the original massless scalar field, and an infinite sum 
of infrared-divergent "daisy" graphs is required to obtain the finite result given by 
Eq.(14). In our example, the perturbation theory has been reorganized by inte- 
grating out the high-frequency modes and keeping the direct thermal mass in the 
unperturbed sector of the Lagrangian. To compute the induced thermal mass with 
the effective theory, we only need to consider one infrared-finite graph to obtain the 
leading-order correction. By applying the renormalization-group equation, we are 
able to determine the low-energy contribution for large z (up to integration con- 
stants) without explicit evalution of the Feynman graph. We will now extend our 
analysis to two-loop order. 



4. Induced thermal mass at two-loop order 

To calculate the induced thermal mass to 0(g 4 ), one needs to obtain the effective 
Lagrangian to this order. This can be achieved by integrating out the high-frequency 
modes P 2 > A 2 to two-loop order. The result is given by 



1 2 4 

£a = -^<W - -m\<\> 2 - 9 -±4> 4 - + other terms (15) 



with 

mi = L_^_ + C(A ,T).g 4 + ^(A,n9 4 + 0(.9 6 ) g\ = g 2 + /3(A, T)g 4 + 0(g 6 ) (16) 

where c is a constant. The function C(A,T) represents terms which diverge in the 
limit A — » whereas the function D(A,T) is finite in the limit A — > 0. At 0(g 4 ), an 
effective six-point interaction must be included in the effective theory in order for 
the effective theory to agree with the original massless theory 6 . Other dimension- 
six terms are possible; however, these operators have derivative interactions. By 
considering the lowest-order solution to the classical equation of motion of the field, 
one can show that the dimension-six terms with derivative interactions contribute 
to 0(g 6 ). Following the same technique as is used in Section 3, we can express the 
dimensionless induced thermal mass as 



M 2 = + wlSi (z) + g\S 2 (z) +g*E + o(£,z) (17) 
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where E is a constant independent of A. The third term in Eq.(17) represents the 
two-loop contribution to the mass constructed from two four-point vertices. The 
fourth term is the two-loop correction constructed from the six-point interaction, 
which yields a constant at 0(g 4 ). The final term represents the contributions from 
diagrams with three or more loops. 

After substituting the expressions for ^, g%, and Si(z) into Eq.(17) and applying 
the renormalization-group equation Eq.(4), the following differential equation is 
obtained: 

l(» 4c « + ££) + £k + + $S5*M + °(U - " < 18 » 

where C(A) is the dimensionless function at 0(g 4 ) obtained by dividing C(A,T), in 
Eq.(16), by T 2 . It is easy to verify that the solution to Eq.(18) for S 2 {z) is given by 

S 2 (z) = --^z + C 1 log(z) + F + oQ (19) 

for large z where 

Ci = - A 1(^ + c^a) • _ ^ 
As was already shown, we can substitute the expression for S2(z) into Eq.(17) 
and obtain the induced thermal mass to 0(g 4 ). The induced thermal mass of the 
scalar field is found to be 

m 2 =m 2( 1 _^0)_ ff 4 T 2 Cilog ^ +5 4 T 2 G + O(5 5 ) m§ = ^ . (21) 

The form of the result given in Eq.(21) agrees with that found by Parwani 7 who 
computed the mass to 0{g 4 ) by explicit evaluation of the Feynman graphs using the 
Imaginary-Time Formalism. To calculate the constant Ci, one needs to obtain the 
function C(A) by integrating out the high-frequency modes in the two-loop Feynman 
graphs displayed in Figure 1. After integrating, one finds a 1/A divergence in the 
contribution from Figure 1(b) and a log(A) divergence in the contribution from Figure 
1(c). The 1/A divergence in C(A) is precisely cancelled by the l/967r 2 A term appearing 
in Eq.(20). Thus the constant C\ is given by the coefficient of the logarithmic term 
appearing in C(A) multiplied by -1. The value obtained is C\ = -1/967T 2 , which also 
agrees with the coefficient calculated by Parwani. To determine the constant G 
requires explicit evaluation of the Feynman graphs. In the small-coupling limit, 
however, the logarithmic term will dominate the g 4 T 2 G term 8 . 




(a) (b) (c) 



Fig. 1: Illustrations of one-loop and two- loop Feynman graphs. 
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5. Conclusions 



We have shown how to use a renormalization-group approach to compute finite- 
temperature mass corrections within the context of a scalar field theory. The 
method employed is very general and can be used to compute a wide range of 
physical quantities in any theory. This approach also provides a framework to 
understand the resummation methods developed by Braaten and Pisarski for hot 
QCD 2 . The resummed propagators and vertices given in their resummed theory are 
analogous to the effective propagators and vertices that we obtained by integrat- 
ing out the high-frequency modes in the scalar field theory. It is hoped that the 
development of these methods will lead to a better understanding of thermal field 
theories in general. 
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